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ABSTRACT 
The instantaneous out-of-plane displacement two-dimensional (2-D) maps associated to the scattering generated by the 
interaction of Rayleigh-Lamb waves with defects in plate structures can be measured using pulsed TV-holography 
(PTVH) and employed to characterize damage in non-destructive inspection applications. On the basis of visual 
comparisons we have shown previously that, except for the amplitude in the backscattering zone, a reasonable 
description of the measured experimental scattering patterns produced by holes both in harmonic and transient regimes 
can be obtained using the finite element method (FEM) combined with a 2-D model based on the scalar wave equation. 
In this work a systematic quantitative analysis of the agreement between FEM simulated maps and filtered experimental 
PTVH maps is developed considering both the spatial distribution of the local (pixel-wise) error in amplitude and phase 
and the corresponding global (averaged) errors over different areas in the 2-D image of the acoustic field. Changes 
produced in the experimental values by the speckle noise and variations introduced in the numerical values by the 
uncertainty in the characterization of the incident acoustic wave and the shape and position of the hole are characterized 
in order to obtain the net value of the error between theory and experiment. 
Keywords: Pulsed TV-Holography, ESPI, Ultrasonics, Elastic waves, Nondestructive testing, Plates, Finite element 
method 
 
1. INTRODUCTION  
Ultrasonic techniques are routinely employed for non-destructive testing (NDT) and evaluation of plate-like structures in 
industry1. Our group has demonstrated that ultrasonic non-destructive inspection of plates can be performed using a self-
developed pulsed TV-holography (PTVH) system2-5 that records the two-dimensional (2D) acoustic field of 
instantaneous out-of-plane displacements over the surface of the plates, from which information related to defects 
(position, dimensions, orientation, etc.) can be extracted by analyzing the features of the associated scattering pattern. 
We have also shown that the direct problem of the scattering of Rayleigh-Lamb waves by through-thickness defects in 
plates can be solved by using numerical methods combined with a simplified 2-D scalar model, rendering numerical 
scattering patterns that by visual comparison show a reasonable agreement with the experiment, both in harmonic and 
transient regimes, except for the amplitude in the backscattering zone6-9. 
 
In this work we illustrate, in the case of the scattering of Rayleigh-Lamb waves in the harmonic regime, a general 
approach10 that can be employed to obtain a systematic quantitative analysis of the agreement between simulated maps 
and filtered experimental PTVH maps. For completeness we first review the essential points of the scalar 2-D model and 
the nomenclature for the harmonic case, the method for obtaining experimental data by PTVH and the numerical 
implementation of the scalar model using the finite element method (FEM) (more details can be found in references 2-
10). Then we introduce the local (pixel-wise) error in amplitude and phase and the corresponding global (averaged) 
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The complex amplitude of the total field can be discomposed as ݑොଷ୫ሺܠ௛ሻ ൌ ݑොଷ୫୧ ሺܠ௛ሻ ൅ ݑොଷ୫ୱ ሺܠ௛ሻ, where ݑොଷ୫୧ ሺܠ௛ሻ and ݑොଷ୫ୱ ሺܠ௛ሻ represent the complex amplitude of the incident and scattered fields, respectively. Then, provided that the 
incident field on its own verifies the homogeneous Helmholtz equation, expressions (1-2) can be rewritten in terms of the 
scattered field as 
׏ଶݑොଷ୫ୱ ሺܠ௛ሻ ൅ ݇ଶୖݑොଷ୫ୱ ሺܠ௛ሻ ൌ 0 in Γା, (4) 
߲ݑොଷ୫ୱ ሺܠ௛ሻ
߲ܖ୧ ൌ െ
߲ݑොଷ୫୧ ሺܠ௛ሻ
߲ܖ୧ in ∂Γୢ . (5) 
In addition to (4-5), scattered outgoing waves are guaranteed by the radiation condition12 
ܖୣ ൉ સݑොଷ୫ୱ ሺܠ௛ሻ െ ݆݇ୖݑොଷ୫ୱ ሺܠ௛ሻ ൌ 0 ݎ݇ୖ ≫ 1 (6) 
over a circle ∂Γ௥	 concentric with the hole with radius ݎ (large compared with the Rayleigh wavelength ߣୖ ൌ 2ߨ/݇ୖ) and 
outwards unit normal ܖୣ. For the cases of a plane incident wave or a homogeneous cylindrical incident wave our 
boundary value problem (BVP), stated by expressions (4-6), has a well-known analytical solution of the form13 
ݑොଷ୫ୱ ሺݎ, ߶ሻ ൌ ݑଷ୫଴୧ ෍ܣ௡ܪ௡ሺଵሻሺ݇ݎሻ cos ݊߶
ஶ
௡ୀ଴
 (7) 
that describes the scattered field as a superposition of cylindrical waves ܪ௡ሺଵሻሺ݇ݎሻ, with different amplitudes and phases 
that diverge from a virtual source located in the center of the hole D. A FEM solution based on the discretized version of 
the BVP (4-6) should match expression (7) with the adequate values of the coefficients ܣ௡ (table 1) and can be employed 
for checking the numerical calculation of the scattered field. 
 
Despite the a priori applicability of this simplified 2-D scalar model has been discussed previously6,7,10, we recall the fact 
that it is valid for regions located a few wavelengths away from the hole, where contributions of the evanescent modes 
are not relevant. An exact description of the scattering process requires both propagating and evanescent Lamb and SH 
modes for taking into account modal conversion effects at the cylinder border and to fulfill the stress-free boundary 
conditions (see f.i. reference 6 and references therein for a more detailed discussion). 
3. MATERIALS AND METHODS 
3.1 Experimental methods 
Several through-thickness holes (with nominal diameter in the range 1 mm to 12 mm) were adequately prepared in 
aluminum plates with dimensions 300 mm × 100 mm × 10 mm for the experiments. The geometry and dimensions of 
the holes were characterized using a metallographic binocular microscope and a XY translation stage with 1 m 
resolution obtaining a maximum relative error between the measured and nominal diameters lower than 8%. 
Quasi-monochromatic Rayleigh waves were generated in these plates by means of the classical wedge method exciting 
the piezoelectric with a long tone-burst consisting of 99 cycles with a central frequency ݂ୖ ൌ	(1,00 ± 0,01) MHz (figure 
Table 1. Values of the coefficients ܣ௡ in expression (7) for the field scattered by a cylinder with circular section and 
homogeneous Neumann boundary conditions when the incident harmonic wave is: (a) a plane wave that travels along 
the direction ݔଵ, (b) a homogeneous cylindrical wave generated by a line source parallel to the ݔଷ axis that intersects 
the top side of the plate at the source point F with position vector ܠ௛୊ and Cartesian and cylindrical coordinates 
൫ݔଵ୊, ݔଶ୊, ݄൯ and ሺݎ୊, ߶୊, ݄ሻ, respectively (figure 1.b). หܠ௛ െ ܠ௛୊หଶ ൌ ݎଶ ൅ ሺݎ୊ሻଶ െ 2ݎݎ୊cos	ሺ߶ െ ߶୊ሻ. ܬ௡ and ܪ௡ሺଵሻ 
represent the Bessel and Hankel functions of order ݊, respectively. ߳௡ ൌ 2	, except ߳଴ ൌ 1. 
 ݑොଷ୫୧ ሺݎ, ߶ሻ ܣ௡ ݊ ൌ 0,1,2, … 
(a) ݑଷ୫଴୧ expሺ݆݇ݔଵሻ ൌ ݑଷ୫଴୧ expሺ݆݇ݎ cos߶ሻ െ߳௡݆௡
ܬ௡ିଵሺ݇ݎୈሻ െ ܬ௡ାଵሺ݇ݎୈሻ
ܪ௡ିଵሺଵሻ ሺ݇ݎୈሻ െ ܪ௡ାଵሺଵሻ ሺ݇ݎୈሻ
 
(b) ݑଷ୫଴୧ ܪ଴ሺଵሻ൫݇หܠ௛ െ ܠ௛୊ห൯ െ߳௡
ܬ௡ିଵሺ݇ݎୈሻ െ ܬ௡ାଵሺ݇ݎୈሻ
ܪ௡ିଵሺଵሻ ሺ݇ݎୈሻ െ ܪ௡ାଵሺଵሻ ሺ݇ݎୈሻ
ܪ௡ሺଵሻሺ݇ݎ୊ሻ 
 
Proc. of SPIE Vol. 10834  1083416-3
Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 11/29/2018
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use
 
 
 
 
 
 
2.a). In all ca
surface and u
Areas withou
longitudinal 
monochromat
amplitude of 
The instantan
the region of
sensitive to t
seeded and fr
adjustable tem
Sensicam Do
speckle noise
is the minimu
and using two
Repeating th
ݐ௡ାଵ െ ݐ௡ ൌ Δ
to the whole s
is obtained, th
ݑොଷୣሺܠ௛, ݐ௡ሻ wi
the Fourier t
negative com
values for the
the image loc
spatial distrib
top face of t
arbitrary refe
Figure 2. 
showing t
the region
subzones 
experimen
Twin-c
W
Piezoele
Fr
Synchronizatio
electronics
Tone-burst
generator
x3
θw
ses the plates 
sing plasticin
t defects in 
wave velocit
ic Rayleigh 
the incident fi
eous acoustic
 interest (RO
he out-of-pla
equency doub
poral inter-p
uble-Shutter)
 by setting τ 
m odd numb
 pairs of cor
is procedure
ݐ ൌ 250	ns 
et of recorde
ΔΦ෡ୣሺܠ௛,
at are propor
th a scaling f
erms correspo
ponents along
 incident field
ated between 
ution that is c
he plate at th
rence value o
(a) Experiment
he region of in
 Iୖ employed 
(RE1, RE2, R
t. 
avity Nd:YAG lase
Aluminium
edge
ctric
equency doubler
C#2
C#1
Seeder
Mirror a
n
were resting 
e at the edge
these plates 
y by means 
wave for eac
eld as it is de
 field at the p
I) using a s
ne componen
led Nd:YAG
ulse delay τ
. The acoustic
equal to 1.5 μ
er of half-per
relograms seq
 in ܰ (8, 
and applying 
d correlogram
ݐ௡ሻ ൌ 8ߨߣ୭ ݑොଷୣሺ
tional to the 
actor that dep
nding to for
 the ݔଵ direct
 ݑොଷୣ୧ሺܠ௛, ݐሻ o
the wedge an
lose to a qua
e virtual poi
f time ݐ, the 
(a) 
al set-up. (b) R
terest (ROI) G
in the images 
E3 and RE4)
Obje
Atten
r
 plate
Beam
splitter
Mi
Mirror
t 45º
Diverging
lens
x1
on a horizonta
s of the plate
were employ
of the classi
h experiment
tailed below.
late surface d
elf-developed
t of the disp
 laser (Spectr
 to record a 
 field at each
s (3/2 of the 
iods for whic
uentially obt
16 or 64 in
a two-step pr
s4,5 a sequenc
ܠ௛, ݐ௡ሻ ൌ 8ߨߣ୭
experimental 
ends on the w
ward or back
ion) in the seq
r the scattered
d the hole (fig
si-cylindrical 
nt source F l
complex amp
eference image
ୖ over the mea
and profiles of
 of the ROI u
ctive
CC
cam
Optic
Polariz
contro
uator
Fibre 
Mirror
Beam com
rror
l board cove
s as acoustic
ed for analy
cal pulse-ech
 was obtaine
ue to the prop
 double-pulse
lacement of 
on SL404T) 
pair of corre
 time instant 
period ܶୖ ൌ 1
h our camera
ained by firin
 our case) 
ocessing pro
e of ܰ compl
ൣݑොଷୣ୧ሺܠ௛, ݐ௡ሻ ൅
value of the i
avelength o
ward propag
uence ݑොଷୣሺܠ௛
 field ݑොଷୣୱሺܠ௛
ure 3.a)7,10. I
wave that div
ocated behin
litude value f
 
 for a through-
surement plan
 numerical and
sed for quant
D
era
al fibre
ation
ller
coupler
biner
red in velvet f
 absorber to 
zing the inc
o method. T
d as a result
agation of th
d TV hologr
the surface p
emits two lase
lograms in se
ݐ is obtained 
/݂ୖ  associate
 can record th
g the first las
successive ti
cedure based 
ex optical pha
ݑොଷୣୱሺܠ௛, ݐ௡ሻ
nstantaneous 
f the laser (ߣ୭
ating waves (
, ݐ௡ሻ, the corr
, ݐሻ can be ob
n our case the
erges from an
d the wedge 
or any of the
thickness hole
e ሺݔଵ, ݔଶ, ݄ሻ wh
 experiment ul
itative assessm
abric to minim
avoid unwant
ident field an
he wavenum
of the chara
e Rayleigh wa
aphy system
oints2,3. A tw
r pulses with
parate frame
with maximum
d to central e
e two correlo
er pulse at ݐ 
me instants 
on the spatial
se-change m
൧ ܠ௛ ∈ Gୖ
out-of-plane 
ൌ 532 nm).
i.e. spatial fr
esponding seq
tained in a re
 incident field
 equivalent l
at position ܠ
se sequences 
(b)
(݁ ൌ 0) of diam
ere the experim
trasonic fields 
ent of agreem
ize the cons
ed reflection
d also for e
ber of the e
cterization of
ve train is ch
 (figure 2.a),
in-cavity pul
 a duration o
s of a CCD 
 sensitivity 
xcitation freq
grams in dif
and ݐ ൅ ܶୖ /4
ݐ଴, ݐଵ, … , ݐ௡,
 Fourier tran
aps 
 
acoustic disp
 By band-pas
equencies wi
uences of the
gion of refere
 obtained in 
ine source tha
௛୊. By simply
is obtained a
 
eter ܦ ൌ 2ݎୈ
ental field is 
in figures (5-8
ent between t
traints at thei
s (figure 2.b)
valuating the
xcited quasi
 the complex
aracterized in
 set up to be
sed, injection
f 20 ns and an
camera (PCO
and minimum
uency, which
ferent frames
, respectively
… , ݐேିଵ, with
sform method
(8
lacement field
s filtering ou
th positive o
 experimenta
nce (ROR) o
this way has a
t intersect the
 selecting an
s the value o
 
ൌ 12 mm 
measured, 
) and four 
heory and 
r 
. 
 
-
 
 
 
 
 
 
 
 
) 
. 
               
 
) 
 
t 
r 
l 
f 
 
 
 
f 
Proc. of SPIE Vol. 10834  1083416-4
Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 11/29/2018
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use
NO,
 
 
 
 
 
 
the sequence at ݐ (i.e. ΔΦ෡ଷ୫ୣ ሺܠ௛ሻ:ൌ ΔΦ෡ୣ൫ܠ௛, ݐ൯, ݑොଷ୫ୣ ሺܠ௛ሻ:ൌ ݑොଷୣ൫ܠ௛, ݐ൯ and so on) in such a way that expression (8) we 
can be written also in terms of the complex amplitudes as 
ΔΦ෡ଷ୫ୣ ሺܠ௛ሻ ൌ 8ߨߣ୭ ݑොଷ୫
ୣ ሺܠ௛ሻ ൌ 8ߨߣ୭ ൣݑොଷ୫
ୣ୧ ሺܠ௛ሻ ൅ ݑොଷ୫ୣୱ ሺܠ௛ሻ൧ ܠ௛ ∈ Gୖ (9) 
As a necessary complement for each experimental sequence ݑොଷୣሺܠ௛, ݐ௡ሻ, we additionally obtain its reference and 
calibration images in the experimental set-up using the CCD camera with white light illumination. The reference image 
records the top surface of the plate in the measurement conditions of the experiment (figure 2.b) and the calibration 
image is the same thing but setting over the top surface of the plate two calibration segments with known lengths 
oriented respectively along the directions ݔଵ and ݔଶ. In this way, assuming that the image formation process is aplanatic, 
by measuring the length in pixels of the reference segments in the calibration image we determine the corresponding 
effective lengths of a pixel at the objet plane Δݔଵ and Δݔଶ along directions ݔଵ and ݔଶ (i.e. the spatial resolution of the 
image). In this way we can transform pixel values measured over the image to lengths over the top face of the plate or 
viceversa. After that, the reference image is used to characterize the position and dimensions of the hole for each 
experiment assuming that the rim of the hole can be described as a circumference with center of curvature with coordinates 
ሺݔଵୈ, ݔଶୈሻ and radius ݎୈ in such a way that any point in the hole rim with coordinates ሺݔଵ, ݔଶሻ verifies the equation of the 
circumference ሺݔଵ െ ݔଵୈሻଶ ൅ ሺݔଶ െ ݔଶୈሻଶ ൌ ሺݎୈሻଶ. On this basis, by obtaining over the reference image the coordinates 
൫ݔଵ୔భ, ݔଶ୔భ; ݔଵ୔మ, ݔଶ୔మ; ݔଵ୔య, ݔଶ୔య൯ of three points ሺPଵ, Pଶ, Pଷሻ in the rim of the hole (figure 3.b) the coordinates of the center of 
curvature can be obtained by solving a simple linear system with a coefficient matrix ࡭ that can be written as a function of 
the coordinates of the position vector of 	Pଷ with respect to Pଵ and Pଶ. Once the coordinates of the center are known, the 
radius  results from the circumference equation and the set ሺݔଵୈ, ݔଶୈ, ݎୈሻ completely characterize the geometry and position 
of the hole over the top surface of the plate ∂Γୢ  in the measurement conditions. 
Hence, the complete set of results for one experiment is composed by the complex amplitude of the total displacement 
ݑොଷ୫ୣ ሺܠ௛ሻ over the ROI, the corresponding complex amplitudes ݑොଷ୫ୣ୧ ሺܠ௛ሻ and ݑොଷ୫ୣୱ ሺܠ௛ሻ of the incident and scattered fields 
within the ROR and the characteristics of the geometry and position of the hole ሺݔଵୈ, ݔଶୈ, ݎୈሻ. This experimental output set 
൛ݑොଷ୫ୣ ሺܠ௛ሻ, ݑොଷ୫ୣ୧ ሺܠ௛ሻ, ݑොଷ୫ୣୱ ሺܠ௛ሻ, ݔଵୈ, ݔଶୈ, ݎୈൟ is employed to define, a priori, the inputs to the associated direct scattering 
problem and, a posteriori, to verify the solution of the direct problem obtained with the numerical model.  
3.2 Numerical methods 
Following the standard approach to FEM14, a discretized version of the BVP stated in equations (4-6) was implemented 
using a computational domain Gେ limited by two concentric circles ∂Gେ୧ and ∂Gେୣ (figure 4). With reference to the 
notation of expressions (4-6) the roles of Γା, ∂Γୢ  and ∂Γݎ are played in the FEM implementation by Gେ, ∂Gେ୧ and ∂Gେୣ, 
 
 
(a) (b) 
Figure 3. Typical geometry of one threesome of points and the associated circumference: (a) over one wavefront of the 
incident field in the ROR for the characterization of the position of the virtual source F and the analytical approximation to 
the incident field, (b) over the rim of the hole in the reference image for the characterization of the position and dimensions 
of the hole. 
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respectively. Equation (4) with the characteristic value of the Rayleigh wavenumber ݇ୖ has to be verified inside Gେ. The 
interior circle ∂Gେ୧ is the border of the hole itself, where boundary condition (5) applies as a function of the derivative of 
the incident field. The radiation boundary condition (6) is employed over the exterior circle ∂Gେୣ with a radius ݎେ that 
has to be selected to be much larger that the acoustic wavelength and to include the ROI corresponding to experimental 
data (in practical terms we have employed ݎେ ≈ 20ߣୖ). 
As the experimental value of the incident field can only be obtained within a ROR that does not contain the hole border 
(figure 3.a), we found an analytical approximation ݑොଷ୫ୟ୧ ሺܠ௛ሻ to the complex amplitude of the incident field inside the 
ROR to be extrapolated to determine the value of the complex amplitude of the incident field all over the ROI and, in 
particular, its normal derivative at the hole border in the boundary condition (5) and, subsequently, the Rayleigh 
wavenumber ݇ୖ to be employed in equations (4) and (6) and to establish the size of the exterior boundary (ݎେ ≈ 20ߣୖ). 
With this aim we assumed that the incident field of the top surface of the plate can be described as a quasi-cylindrical 
inhomogeneous wave that diverges from point F, deriving its analytical approximation by following an objective 
matching procedure in five steps10: 1) using the same method employed to characterize the position of the center of hole 
over the reference image, the position of point F is obtained as the center of curvature of the wavefronts of the field 
ݑොଷୣ୧ሺܠ௛ሻ (figure 3.a); 2) a reference point Qഥ with coordinates ሺݔଵ, ݔଶሻ is fixed by setting ݔଶ ൌ ݔଶ୊ and by choosing ݔଵ in 
such a way that Qഥ is located roughly at the center of the ROR, obtaining the profiles ݑොଷୣ୧ሺݔଵ, ݔଶሻ and ݑොଷୣ୧ሺݔଵ, ݔଶሻ which 
characterize at  Qഥ the distribution of the complex amplitude of the incident field in the ݔଵ and ݔଶ directions, respectively; 
3) it is assumed that the complex amplitude of the incident field can be factorized as 
ݑොଷ୫ୟ୧ ሺܠ௛ሻ ൌ ݑଷ଴	expሺ݆߮ଷ଴ሻ ෡ܷଵሺݔଵሻ ෡ܷଶሺݔଶሻ ܠ௛ ∈ Gୖ (10) 
where the models for ෡ܷଵሺݔଵሻ and ෡ܷଶሺݔଶሻ are congruent with the usual description of the phase of a cylindrical wave in 
the Fresnel approximation and allow to describe the expected attenuation of amplitude in the direction of wave 
propagation and the inhomogeneous behavior of the amplitude in the transversal direction (table 2); 4) the best-fit values 
ሾܽ௖ሿ, [ܾ௖ሿ, ሾܽଵሿ, ሾܽଶሿ, ሾ݌ଵሿ, ሾݍଵሿ, ሾݍଶሿ, ሾ݁ଵሿ, ሾ݁ଶሿ and ሾ݁ଷሿ of the parameters of these models are found by matching ෡ܷଵሺݔଵሻ 
to ݑොଷୣ୧ሺݔଵ, ݔଶሻ and ෡ܷଶሺݔଶሻ to ݑොଷୣ୧ሺݔଵ, ݔଶሻ using a least squares procedure. In particular, as the line of the horizontal profile 
ݑොଷୣ୧ሺݔଵ, ݔଶሻ goes through F we have that the Rayleigh wave number ݇ୖ can be estimated as the best-fit value ሾܽଵሿ of 
parameter ܽଵ; 5) ݑଷ଴ and ߮ଷ଴ are global renormalization factors in amplitude and phase that provide, if necessary, 
 
Figure 4. Scheme of the computational domain employed to solve the direct scattering problem in harmonic regime with 
FEM, showing the relative position of the virtual source F, the wedge and the ROI with the reference system.  
Table 2. Models employed in expression (10) to obtain the analytical approximation to the complex amplitude of the 
incident field ݑොଷ୫ୟ୧ ሺܠ௛ሻ. The best-fit value ሾܽଵሿ of the parameter ܽଵ is used to obtain the Rayleigh wavenumber ݇ୖ. 
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additional degrees of freedom to obtain a better global matching of the analytical approximation considering all the 
values of the complex amplitude of the incident field within the ROR. Finally, the analytical approximation ݑොଷ୫ୟ୧ ሺܠ௛ሻ is 
completely determined by expression (10), table 2 and the best-fit values ሾܽ௖ሿ, [ܾ௖ሿ, ሾܽଵሿ, ሾܽଶሿ, ሾ݌ଵሿ, ሾݍଵሿ, ሾݍଶሿ, ሾ݁ଵሿ, ሾ݁ଶሿ, ሾ݁ଷሿ , ሾݑଷ଴ሿ y ሾ߮ଷ଴ሿ. 
Practical implementation and data processing based on this approach have been developed employing COMSOL 
Multiphysics and self-developed routines in MATLAB. We have meshed the domain with triangular second order 
Lagrange finite elements, assuring at least 10 elements per acoustic wavelength. The analytical solutions for the scattered 
field given by equation (7) and table 1 were employed for testing the output of FEM code, obtaining an average relative 
error lower than 3/1000, that was enough for our present purpose. Combining the complex amplitude of the scattered 
field obtained from the output of the FEM numerical calculations ݑොଷ୫୬ୱ ሺܠ௛ሻ with the previously obtained analytical 
approximation of the incident field ݑොଷ୫ୟ୧ ሺܠ௛ሻ the numerical value of the complex amplitude of the total field is obtained 
all over the ROI as 
ݑොଷ୫୬ ሺܠ௛ሻ ൌ ݑොଷ୫ୟ୧ ሺܠ௛ሻ ൅ ݑොଷ୫୬ୱ ሺܠ௛ሻ ܠ௛ ∈ Gୖ (11) 
that is the raw numerical output that has to be compared with the experiment. The numerical field ݑොଷ୫୬ ሺܠ௛ሻ is a function 
of the inputs parameters for the direct scattering problem: the analytical approximation to the incident field ݑොଷ୫ୟ୧ ሺܠ௛ሻ, 
which implicitly include the value of Rayleigh wavenumber ݇ୖ, and the dimension and position of the hole over the 
image ሺݔଵୈ, ݔଶୈ, ݎୈሻ. The set of inputs that define the direct scattering problem ൛ݑොଷ୫ୟ୧ ሺܠ௛ሻ, ݔଵୈ, ݔଶୈ, ݎୈൟ is obtained directly 
or indirectly from the experimental output set as have been explained before. 
3.3 Quantitative comparison of experimental and numerical fields 
In order to develop a quantitative comparison between experimental and numerical fields over a given region, beyond the 
previously developed visual comparison of images and profiles for the harmonic case6,7, we have used the general 
definitions and strategy for the comparison of real fields outlined in appendix A which allows to check their agreement 
both locally (pixel-wise), using the absolute local error distribution, and globally, using as the essential figure of merit a 
sort of averaged relative error10. 
In this way, considering first the case of complex fields ݑොଷ୫ୣ ሺܠ௛ሻ and ݑොଷ୫୬ ሺܠ௛ሻ within a certain region R, we compare 
separately, on the one hand, the associated amplitudes ݑଷ୫ୣ ሺܠ௛ሻ and ݑଷ୫୬ ሺܠ௛ሻ and, on the other hand, the associated 
phases ߮ଷ୑ୣ ሺܠ௛ሻ and ߮ଷ୑୬ ሺܠ௛ሻ. In this way, applying expressions of appendix A to this case, the total error between ݑොଷ୫ୣ ሺܠ௛ሻ and ݑොଷ୫୬ ሺܠ௛ሻ can be characterized pixel-wise by the local total error (local total error distribution) in amplitude 
and phase 
ε୫୘ ሺܠ௛ሻ:ൌ ݑଷ୫୬ ሺܠ௛ሻ െ ݑଷ୫ୣ ሺܠ௛ሻ,		 ε୑୘ ሺܠ௛ሻ:ൌ ߮ଷ୑୬ ሺܠ௛ሻ െ ߮ଷ୑ୣ ሺܠ௛ሻ ܠ௛ ∈ R	 (12) 
and globally by the RMS relative total error (or global relative total error) in amplitude and phase 
ε୰୫୘ ሼRሽ ≔ ε୫୘ ሼRሽ/ሾݑଷ୫ୣ ሿୣሼRሽ, ε୰୑୘ ሼRሽ ≔ ε୑୘ ሼRሽ/ሾ߮ଷ୑ୣ ሿୣሼRሽ (13) 
being 
ሾݑଷ୫ୣ ሿୣሼRሽ ൌ ቎1ܰ ෍ |ݑଷ୫
ୣ ሺܠ௛ሻ|ଶ
ܠ೓∈ୖ
቏
ଵ/ଶ
, ε୫୘ ሼRሽ:ൌ ቎1ܰ ෍ ሾε୫
୘ ሺܠ௛ሻሿଶ
ܠ೓∈ୖ
቏
ଵ/ଶ
 (14a) 
ሾ߮ଷ୑ୣ ሿୣሼRሽ ൌ ቎1ܰ ෍ |߮ଷ୑
ୣ ሺܠ௛ሻ|ଶ
ܠ೓∈ୖ
቏
ଵ/ଶ
, ε୑୘ ሼRሽ:ൌ ቎1ܰ ෍ ൣε୑
୘ ሺܠ௛ሻ൧ଶ
ܠ೓∈ୖ
቏
ଵ/ଶ
 (14b) 
We used notation of table 3 in the case F4 (Tm for amplitude and TM for phase) to obtain expression (12) from (A.1), 
expression (13) from (A.4), the pair of RMS values of the reference fields ሺሾݑଷ୫ୣ ሿୣሼRሽ, ሾ߮ଷ୑ୣ ሿୣሼRሽሻ in expression (14) on 
the left from (A.2) and the pair of RMS absolute total errors ൫ε୫୘ ሼRሽ, ε୑୘ ሼRሽ൯ in expression (14) on the right from (A.3). 
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To correctly appreciate the meaning of the previously defined total errors in expression (12-13) we have to bear in mind 
that they account for the differences between theory and experiment associated to the accuracy and quality of the 
theoretical scalar 2-D model, but include also the effect of fluctuations in the experimental and numerical fields with 
other origins. Firstly, the complex amplitude of the experimental field can be discomposed as 
ݑොଷmୣ ሺܠ௛ሻ ൌ 〈ݑොଷୣ〉ሺܠ௛ሻ ൅ Δݑොଷmୣ ሺܠ௛ሻ ܠ௛ ∈ Gୖ (15) 
where 〈ݑොଷୣ〉ሺܠ௛ሻ represents the expected value of the complex amplitude of the experimental field, which is the 
experimental value of the complex amplitude of the true out-of-plane acoustic displacement field at the top surface of the 
plate that could be obtained by removing all the effects that can produce a lack of repeatibility in the measurement of the 
quasi-Rayleigh wave train with our experimental HTVP system, and Δݑොଷmୣ ሺܠ௛ሻ is a noise component which include the 
variations associated to the lack of repeatability, in our case mainly associated to the fluctuations of the speckle fields. 
Secondly, in a similar way, the complex amplitude of the numerical field can be written as 
ݑොଷm୬ ሺܠ௛ሻ ൌ 〈ݑොଷ୬〉ሺܠ௛ሻ ൅ Δݑොଷm୬ ሺܠ௛ሻ ܠ௛ ∈ Gୖ (16) 
where 〈ݑොଷ୬〉ሺܠ௛ሻ represents the expected value of the complex amplitude of the numerical field, which is the numerical 
value of the complex amplitude corresponding to the out-of-plane acoustic displacement predicted by the scalar 2D 
model that could be obtained in the simulations for the hole in the case that all the input parameters that define the direct 
scattering problem ൛ݑොଷ୫ୟ୧ ሺܠ௛ሻ, ݔଵୈ, ݔଶୈ, ݎୈൟ were known with no uncertainty at all, and Δݑොଷmୣ ሺܠ௛ሻ is a sort of noise 
component that accounts for the variation in the numerical solution associated to the uncertainties in the characterization 
of this input set. The standard uncertainties ݑሺሾܽ௖ሿሻ, ݑሺሾܾ௖ሿሻ, ݑሺሾܽଵሿሻ, ݑሺሾܽଶሿሻ, ݑሺሾ݌ଵሿሻ, ݑሺሾݍଵሿሻ, ݑሺሾݍଶሿሻ, ݑሺሾ݁ଵሿሻ, 
ݑሺሾ݁ଶሿሻ, ݑሺሾ݁ଷሿሻ , ݑሺሾݑଷ଴ሿሻ, ݑሺሾ߮ଷ଴ሿሻ of the parameters that define the analytical approximation ݑොଷ୫ୟ୧ ሺܠ௛ሻ were identified 
with the confident interval provided by the least-square algorithm mentioned in section 3.2. The standard uncertainties 
ݑሺݔଵୈሻ, ݑሺݔଶୈሻ and ݑሺݎୈሻ for the characterization of the position and dimensions of the hole were obtained combining the 
characterization procedure explained in section 3.1 with the Monte Carlo method15,16 assuming that the measurement 
error of the coordinates of any point measured over the reference image is 1 pixel (i.e. the associated rectangular 
probability density function is 2 pixels wide). We have used threesomes that guarantee a condition number of the matrix 
of coefficients of the linear system ܭሺ࡭ሻ ൌ 	‖࡭‖‖࡭ି૚‖ lower than 4 and neglected the contribution of the uncertainties 
corresponding to Δݔଵ and Δݔଶ. 
Following again the definitions of appendix A, we can define the parameters that characterize the repeatability and 
characterization errors. On the one hand, taking the amplitude 〈ݑଷୣ〉୫ሺܠ௛ሻ and phase 〈߮ଷୣ〉୑ሺܠ௛ሻ of 〈ݑොଷୣ〉ሺܠ௛ሻ as the 
Table 3. Notation for the comparison between real scalar fields corresponding to the evaluation of the characterization error 
(F1) the net error between theory and experiment (F2), the repeatibility error (F3) and total error (F4): problem field 
(C1), reference field (C2), RMS value of the reference field (C3), local error in ሺܠሻ or RMS absolute error in ሼRሽ (C4) 
and RMS relative error (C5). When there  is no ambiguity about what are the reference and problem fields or about 
whether the error is local at point ሺܠሻ or global in region R we can use a simplified notation suppressing also the 
arguments ሾψ,ψୢሿ, ሺܠሻ or ሼRሽ. 
Appendix A ߰ሺܠሻ ߰ୢሺܠሻ ሾ߰ୢሿୣሼRሽ εሾ߰, ߰ୢሿሺܠሻ/ሼRሽ ε୰ሾ߰, ߰ୢሿሼRሽ 
F1 
Cm ݑଷ୫୬  〈ݑଷ୬〉୫ ሾ〈ݑଷ୬〉୫ሿୣ ε୫େ :ൌ εሾݑଷ୫୬ , 〈ݑଷ୬〉୫ሿ ε୰୫େ :ൌ ε୰ሾݑଷ୫୬ , 〈ݑଷ୬〉୫ሿ 
CM ߮ଷ୑୬  〈߮ଷ୬〉୑ ሾ〈߮ଷ୬〉୑ሿୣ ε୑େ :ൌ εሾ߮ଷ୑୬ , 〈߮ଷ୬〉୑ሿ ε୰୑େ :ൌ ε୰ሾ߮ଷ୑୬ , 〈߮ଷ୬〉୑ሿ 
F2 
Nm 〈ݑଷ୬〉୫ 〈ݑଷୣ〉୫ ሾ〈ݑଷୣ〉୫ሿୣ ε୫୒ :ൌ εሾ〈ݑଷ୬〉୫, 〈ݑଷୣ〉୫ሿ ε୰୫୒ :ൌ ε୰ሾ〈ݑଷ୬〉୫, 〈ݑଷୣ〉୫ሿ 
NM 〈߮ଷ୬〉୑ 〈߮ଷୣ〉୑ ሾ〈߮ଷୣ〉୑ሿୣ ε୑୒ :ൌ εሾ〈߮ଷ୬〉୑, 〈߮ଷୣ〉୑ሿ ε୰୑୒ :ൌ ε୰ሾ〈߮ଷ୬〉୑, 〈߮ଷୣ〉୑ሿ 
F3 
Rm 〈ݑଷୣ〉୫ ݑଷ୫ୣ  ሾݑଷ୫ୣ ሿୣ ε୫ୖ: ൌ εሾ〈ݑଷୣ〉୫, ݑଷ୫ୣ ሿ ε୰୫ୖ: ൌ ε୰ሾ〈ݑଷୣ〉୫, ݑଷ୫ୣ ሿ 
RM 〈߮ଷୣ〉୑ ߮ଷ୑ୣ  ሾ߮ଷ୑ୣ ሿୣ ε୑ୖ: ൌ εሾ〈߮ଷୣ〉୑, ߮ଷ୑ୣ ሿ ε୰୑ୖ: ൌ ε୰ሾ〈߮ଷୣ〉୑, ߮ଷ୑ୣ ሿ 
F4 
Tm ݑଷ୫୬  ݑଷ୫ୣ  ሾݑଷ୫ୣ ሿୣ ε୫୘ :ൌ εሾݑଷ୫୬ , ݑଷ୫ୣ ሿ ε୰୫୘ :ൌ ε୰ሾݑଷ୫୬ , ݑଷ୫ୣ ሿ 
TM ߮ଷ୑୬  ߮ଷ୑ୣ  ሾ߮ଷ୑ୣ ሿୣ ε୑୘ :ൌ εሾ߮ଷ୑୬ , ߮ଷ୑ୣ ሿ ε୰୑୘ :ൌ ε୰ሾ߮ଷ୑୬ , ߮ଷ୑ୣ ሿ 
Case C1 C2 C3 C4 C5 
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problem fields and the amplitude ݑଷ୫ୣ ሺܠ௛ሻ and phase ߮ଷ୑ୣ ሺܠ௛ሻ of ݑොଷmୣ ሺܠ௛ሻ as the corresponding reference fields within a 
region R in such a way that we can obtain the local repeatibility error as 
ε୫ୖሺܠ௛ሻ: ൌ 〈ݑଷୣ〉୫ሺܠ௛ሻ െ ݑଷ୫ୣ ሺܠ௛ሻ,				 ε୑ୖሺܠ௛ሻ ≔ 〈߮ଷୣ〉୑ሺܠ௛ሻ െ ߮ଷ୑ୣ ሺܠ௛ሻ ܠ௛ ∈ R (17) 
and the RMS relative repeatability error (or global relative repeatability error) as 
ε୰୫ୖሼRሽ:ൌ ε୫ୖሼRሽ/ሾݑଷ୫ୣ ሿୣሼRሽ, ε୰୑ୖሼGୖሽ ≔ ε୑ୖሼRሽ/ሾ߮ଷ୑ୣ ሿୣሼRሽ (18) 
On the other hand, taking the amplitude ݑଷ୫୬ ሺܠ௛ሻ and phase ߮ଷ୑୬ ሺܠ௛ሻ of ݑොଷ୫୬ ሺܠ௛ሻ as the problem fields and 〈ݑଷ୬〉୫ሺܠ௛ሻ 
and phase 〈߮ଷ୬〉୑ሺܠ௛ሻ of 〈ݑොଷ୬〉ሺܠ௛ሻ as the corresponding reference fields in R we can evaluate the local characterization 
error as 
ε୫େ ሺܠ௛ሻ ≔ ݑଷ୫୬ ሺܠ௛ሻ െ 〈ݑଷ୬〉୫ሺܠ௛ሻ,				 ε୑େ ሺܠ௛ሻ ≔ ߮ଷ୑୬ ሺܠ௛ሻ െ 〈߮ଷ୬〉୑ሺܠ௛ሻ ܠ௛ ∈ R	 (19) 
and the RMS relative characterization error (or global relative repeatability error) 
ε୰୫େ ሼRሽ:ൌ ε୫େ ሼRሽ/ሾ〈ݑොଷ୬〉୫ሿୣሼRሽ, ε୰୑େ ሼRሽ ≔ ε୑େ ሼRሽ/ሾ〈߮ଷ୬〉୑ሿୣሼRሽ (20) 
Finally, the agreement between theory and experiment associated to the accuracy and quality of the theoretical scalar 2-D 
model would have to be characterized by the direct comparison of the amplitude and phase of the fields 〈ݑොଷ୬〉ሺܠ௛ሻ and 〈ݑොଷୣ〉ሺܠ௛ሻ, that can be characterized in R by the local net error 
ε୫୒ ሺܠ௛ሻ:ൌ 〈ݑଷ୬〉୫ሺܠ௛ሻ െ 〈ݑଷୣ〉୫ሺܠ௛ሻ,				 ε୑ୖሺܠ௛ሻ ≔ 〈߮ଷ୬〉୑ሺܠ௛ሻ െ 〈߮ଷୣ〉୑ሺܠ௛ሻ ܠ௛ ∈ R (21) 
and the RMS relative net error (or global relative net error) 
ε୰୫୒ ሼRሽ:ൌ ε୫୒ ሼRሽ/ሾ〈ݑଷୣ〉୫ሿୣሼRሽ, ε୰୑୒ ሼRሽ ≔ ε୑୒ሼRሽ/ሾ〈߮ଷୣ〉୑ሿୣሼRሽ (22) 
We used again notation of table 3 in the cases F3, F1 and F2 (Rm, Nm and Cm for amplitude and RM, NM and CM for 
phase) to obtain, respectively, expressions (17), (19) and (21) from (A.1), expressions (18), (20) and (22) from (A.4), the 
pairs of RMS values of the reference fields ሺሾݑଷ୫ୣ ሿୣሼRሽ, ሾ߮ଷ୫ୣ ሿୣሼRሽሻ, ሺሾ〈ݑොଷ୬〉୫ሿୣሼRሽ, ሾ〈߮ଷ୬〉୑ሿୣሼRሽሻ and ሺሾ〈ݑଷୣ〉୫ሿୣሼRሽ, ሾ〈߮ଷୣ〉୑ሿୣሼRሽሻ, analogous to expression (14) on the left (in fact, the first pair is just expression (14) on the 
left), from (A.2) and the pairs of RMS absolute total errors ൫ε୫ୖሼRሽ, ε୑ୖሼRሽ൯, ൫ε୫େ ሼRሽ, ε୑େ ሼRሽ൯ and ൫ε୫୒ ሼRሽ, ε୑୒ ሼRሽ൯, 
analogous to expression (14) on the right, from (A.3). 
In this context, we continue with the strategy of appendix A for the quantitative comparison of the amplitude and phase 
of the complex amplitudes ݑොଷ୫ୣ ሺܠ௛ሻ and ݑොଷ୫୬ ሺܠ௛ሻ	considering as intermediate fields the amplitude and phase of the 
complex amplitudes 〈ݑොଷୣ〉ሺܠ௛ሻ and 〈ݑොଷ୬〉ሺܠ௛ሻ. Hence, identifying ߰ሺܠሻ,	߰ଶሺܠሻ, ߰ଵሺܠሻ and ߰ୢሺܠሻ in appendix A, on the 
one hand, with the amplitudes ݑଷ୫୬ ሺܠ௛ሻ, 〈ݑଷ୬〉୫ሺܠ௛ሻ, 〈ݑොଷୣ〉୫ሺܠ௛ሻ and ݑଷ୫ୣ ሺܠ௛ሻ, respectively, and on the other hand, with 
the phases	߮ଷ୑୬ ሺܠ௛ሻ, 〈߮ଷ୬〉୑ሺܠ௛ሻ, 〈 ො߮ଷୣ〉୑ሺܠ௛ሻ y ߮ଷ୑ୣ ሺܠ௛ሻ, respectively, and using the notation of table 3 we have from 
expression (A.10) for the local errors 
ε୫୘ ሺܠ௛ሻ ൌ ε୫େ ሺܠ௛ሻ ൅ ε୫୒ ሺܠ௛ሻ ൅ ε୫ୖሺܠ௛ሻ,		 ε୑୘ ሺܠ௛ሻ ൌ ε୑େ ሺܠ௛ሻ ൅ ε୑୒ሺܠ௛ሻ ൅ ε୑ୖሺܠ௛ሻ 				ܠ௛ ∈ R (23) 
and from expression (A.12) for the RMS relative errors (or global relative errors) 
൫ε୑୘ ൯ଶ ൌ ൫ε୑େ ൯ଶ ൅ ൫ε୑୒൯ଶ ൅ ൫ε୑ୖ൯ଶ,			 ൫ε୰୑୘ ൯ଶ ൌ ൫ε୰୑େ ൯ଶ ൅ ൫ε୰୑୒ ൯ଶ ൅ ൫ε୰୑ୖ൯ଶ in	R (24) 
Hence, both for amplitude and phase, the total error (ε୘-like) results from the superposition of the characterization       
(εେ-like), repeatibility (εୖ-like) and net (ε୒-like) errors, which is linear for the local (pixel-wise) case in expression (23) 
and quadratic for the global case in expression (24), where we have suppressed the explicit argument ሼRሽ denoting the 
common region in which all the global error has to be evaluated. Reciprocally, the net errors ሺε୒-like) can be obtain from 
the (ε୘-like), (εେ-like) and (εୖ-like) counterparts. These conclusions depend on the validity of the conditions of 
applicability of expressions (A.10) and (A.12) stated in appendix A, which are quite reasonable in our case. On the one hand, 
the origin of the variations or fluctuations of the three components of the error are different: the εୖ-like errors are generated 
by effects associated to the experimental system and the speckle noise, the εେ-like errors are generated by the 
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uncertainties associated to the procedures to obtain the analytical approximation of the incident field and the dimensions 
and position of the defects and the ε୒-like errors are associated to the goodness of the scalar model to describe the 
experiments. Hence, it is reasonable to assume that the corresponding fields of local error ε୫େ ሺܠሻ, ε୫ୖሺܠሻ and ε୫୒ ሺܠሻ are 
significantly not-correlated. On the other hand, both εେ-like and εୖ-like local error fields ε୫େ ሺܠሻ and ε୫ୖሺܠሻ have expected 
value zero, as a consequence of their definition in expression (19) and (21). Finally, the ergodicity of these fields is 
commonly assumed in order to be able to derive expected values using averaged values over only one realization of the 
random process.  
In this framework, the most robust approach to obtain the ε୒-like errors would be to derive from ݑොଷ୫୬ ሺܠ௛ሻ and ݑොଷ୫ୣ ሺܠ௛ሻ 
coherent and reliable estimates of their expected values 〈ݑොଷ୬〉ሺܠ௛ሻ and 〈ݑොଷୣ〉ሺܠ௛ሻ, which implies to accurately characterize 
the fluctuations using a high number of experiments and numerical simulations for each particular direct scattering 
problem (i.e. for each defect position and dimensions and type of incident field). Having done that, it would make sense 
to calculate the local and global ε୒-like errors both using expressions (21-22) by direct comparison of the fields 
〈ݑොଷ୬〉ሺܠ௛ሻ and 〈ݑොଷୣ〉ሺܠ௛ሻ or, alternatively, using expressions (12-13), (17-20) and (23-24). However, to circumvent such 
costly and time-consuming process, we have used as a first step here a procedure which does not use a coherent estimate 
for 〈ݑොଷ୬〉ሺܠ௛ሻ and do use a single coherent and reliable estimate of 〈ݑොଷୣ〉ሺܠ௛ሻ that can be employed as a common reference 
for the whole set of experiments with holes of different sizes. In this case, we cannot compare the fields 〈ݑොଷ୬〉ሺܠ௛ሻ and 〈ݑොଷୣ〉ሺܠ௛ሻ directly and so we cannot determine ε୒-like local errors, but we do determine a first rough estimate of the      ε୒-like global error in terms of the corresponding ε୘-like, εୖ-like and εେ-like global errors. 
With this objective, we have evaluated the ε୘-like error using in (12-13) the amplitude and phase of the corresponding 
experiment and numerical raw outputs of the fields ݑොଷ୫ୣ ሺܠ௛ሻ and ݑොଷ୫୬ ሺܠ௛ሻ, whilst the εୖ-like and εେ-like errors are 
obtained using in (17-20) a series of complementary experimental and numerical fields. On the one hand, the εୖ-like 
error is obtained by recording ܰୖ sequences of the propagation of the given acoustic field in a region of the plates 
without defects in nearly identical conditions, except for the fact that the experimental system is kept at rest during 5 
minutes between consecutive sequences. In this way we get ܰୖ fields 
ݑොଷ௜୫ୣ ሺܠ௛ሻ ൌ 〈ݑොଷୣ〉ሺܠ௛ሻ ൅ Δݑොଷ௜୫ୣ ሺܠ௛ሻ ݅ ൌ 1,2,3,4…ܰୖ ܠ௛ ∈ Gୖ (25) 
with the same expected value 〈ݑොଷୣ〉ሺܠ௛ሻ and, assuming that the noise component Δݑොଷ୫ୣ ሺܠ௛ሻ has expected value zero, we 
can reasonably estimate 
〈ݑොଷୣ〉ሺܠ௛ሻ ൎ 	 1ܰ෍ݑොଷ௜୫
ୣ ሺܠ௛ሻ
ே
௜ୀଵ
ܠ௛ ∈ Gୖ  (26) 
Using the amplitude 〈ݑଷୣ〉୫ሺܠ௛ሻ and phase 〈߮ଷୣ〉୑ሺܠ௛ሻ of 〈ݑොଷୣ〉ሺܠ௛ሻ obtained in (26) as the problem fields and the 
amplitude ݑଷଵ୫ୣ ሺܠ௛ሻ and phase ߮ଷଵ୑ୣ ሺܠ௛ሻ of ݑොଷଵ୫ୣ ሺܠ௛ሻ obtained in (25) as the corresponding reference fields in (17-18) 
we get the εୖ-like errors (to obtain the absolute value of the local εୖ-like errors or the global εୖ-like errors the role of the 
problem and reference fields can be exchanged in this case because they have practically the same RMS value). On the 
other hand, the εେ-like errors were estimated using the presented numerical method to solve several direct scattering 
problems (4-6) using slightly modified versions of the parameters of the input set ൛ݑොଷ୫ୟ୧ ሺܠ௛ሻ, ݔଵୈ, ݔଶୈ, ݎୈൟ	 according to the 
Table 4. Major contributions to the global relative characterization error that were employed to estimate the value of the 
global relative characterization error ε୰େ (the same scheme was employed to obtain the characterization error in 
amplitude ε୰୫େ  and phase ε୰୑େ ). 
Numerical 
solution Hole 
Incident 
wave Input set of the direct scattering problem 
Characterization error 
(partial estimate) 
ݑොଷ୫୬ ሺܠ௛ሻ T I ݔଵୈ ݔଶୈ ݎୈ ሾܽଵሿ 0 
ݑොଷଵ୫୬ ሺܠ௛ሻ Tଵ I ݔଵୈ ൅ ݑሺݔଵୈሻ ݔଶୈ ൅ ݑሺݔଶୈሻ ݎୈ െ ݑሺݎୈሻ ሾܽଵሿ ε୰େሺTଵሻ 
ݑොଷଶ୫୬ ሺܠ௛ሻ Tଶ I ݔଵୈ െ ݑሺݔଵୈሻ ݔଶୈ െ ݑሺݔଶୈሻ ݎୈ ൅ 2ݑሺݎୈሻ ሾܽଵሿ ε୰େሺTଶሻ 
ݑොଷଷ୫୬ ሺܠ௛ሻ T Iଵ ݔଵୈ ݔଶୈ ݎୈ ሾܽଵሿ ൅ ݑሺ ሾܽଵሿሻ ε୰େሺIଵሻ 
ݑොଷସ୫୬ ሺܠ௛ሻ T Iଶ ݔଵୈ ݔଶୈ ݎୈ ሾܽଵሿ െ ݑሺ ሾܽଵሿሻ ε୰େሺIଶሻ 
ε୰େ ൌ ሾε୰େሺTሻሿଶ ൅ሾε୰େሺIሻሿଶ		being			 ε୰େሺTሻ ൌ maxሾε୰େሺTଵሻ, ε୰େሺTଶሻሿ, ε୰େሺIሻ ൌ maxሾε୰େሺIଵሻ, ε୰େሺIଶሻሿ 
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corresponding standard uncertainties: either using holes with different position and dimensions –f.i. a hole centered at 
ሺݔଵୈ ൅ ݑሺݔଵୈሻ, ݔଶୈ ൅ ݑሺݔଶୈሻሻ	 with radius ݎୈ െ ݑሺݎୈሻ- or using slightly different versions of the analytical approximation 
for the incident field – f.i an analytical approximation ݑොଷ୫ୟ୧ ሺܠ௛ሻ with a slightly different value of the wavenumber, 
determined by expression (10), table 2 and all the best-fit values except that we use ሾܽଵሿ ൅ ݑሺሾܽଵሿሻ instead of ሾܽଵሿ. In 
this way we get ܰେ different direct scattering problems rendering different numerical fields 
ݑොଷ௜୫୬ ሺܠ௛ሻ ൌ 〈ݑොଷ୬〉ሺܠ௛ሻ ൅ Δݑොଷ௜୫୬ ሺܠ௛ሻ ݅ ൌ 1,2,3,4…ܰେ ܠ௛ ∈ Gୖ (27) 
Using the amplitudes ݑଷ௜୫୬ ሺܠ௛ሻ and phases ߮ଷ௜୑୬ ሺܠ௛ሻ of ݑොଷ௜୫୬ ሺܠ௛ሻ obtained in (27) as the reference field and the 
amplitude ݑଷ୫୬ ሺܠ௛ሻ and phase ߮ଷ୑୬ ሺܠ௛ሻ of the numerical field ݑොଷ୫୬ ሺܠ௛ሻ with the unmodified input set 
൛ݑොଷ୫ୟ୧ ሺܠ௛ሻ, ݔଵୈ, ݔଶୈ, ݎୈൟ	 as the problem field in (19-20) we get ܰେ estimates of the εେ-like errors (again to obtain absolute 
value of the local εେ-like errors or the global εେ-like errors the role of the problem and reference fields can be exchanged 
for the same reasons stated in the previous case). From these group we selected the major uncorrelated contributions, 
which in our case were associated to changes in ሺݔଵୈ, ݔଶୈ, ݎୈሻ and in ሾܽଵሿ, respectively, which were combined in a 
quadratic sum to get the final estimate for global εେ-like errors (see table 4). Finally, we combine the global ε୘-like, εୖ-
like and εେ-like errors in expression (24) to obtain the ε୒-like global errors. As stated previously, local ε୘-like, εୖ-like 
and εେ-like errors cannot be combined in (23) to obtain a good estimate of the local ε୒-like errors. 
4. RESULTS 
We have applied the presented methodology to obtain the experimental and the corresponding numerical out-plane 
displacement fields for the scattering of quasi-Rayleigh harmonic waves with a whole set of holes (figure 5). Among 
these results we consider here in detail the representative case of the hole T with ܦ ൌ 2ݎୈ ൌ12 mm, including the values 
obtained for the parameters that characterize the wave propagation and the position and dimensions of the hole (table 5), 
the image of the distribution of the local total error in amplitude and phase and its corresponding profiles along the  ݔଵ 
and ݔଶ directions (figure 6), the analysis of the repeatibility error (table 6 and figure 7), the analysis of the 
characterization error (figure 8) and a summary of the results for the different components of the global relative errors 
(table 7). 
The visual comparison of the images for the whole set (figure 5) confirms the reasonable agreement between 
experimental and numerical total fields, both in amplitude, phase and real part, except perhaps for the amplitude in the 
backscattering zone as we have claimed previously6,7. This conclusion was checked now in more detail by considering 
first the local total error distribution (figure 6). At first sight, the agreement seems not so good (figure 6.b) as the local 
total error present high local peaks, particularly in phase (figure 6.bC2), and fluctuations that are, apparently, a 
combination of a random component, similar in texture to the fluctuation observed in the reference field (figure 6.a) with 
a more regular component, roughly structured with a period close to the Rayleigh wavelength. These features can be 
observed also in the profiles (figures 6c and 6d), although the total local error seems to be significantly lower than the 
average level of the reference field at points far from the edge of the image or the rim of the hole, even in the case of the 
backscattering area. 
The local repeatibility error present an irregular texture both in amplitude and phase (figure 7.b) and the global relative 
repeatibility error (table 6) is fairly independent of the size and position of the selected averaging area (figure 7.a) with 
and sample mean slightly lower than 10% both in amplitude and phase (table 6). However, with this in mind, when it 
come to the values of the global relative total error the agreement seems to be completely unacceptable both in amplitude 
(ε୰୫୘  in table 7, A1) and phase (ε୰୑୘  in table 7, P1) for any of the four regions RE1-4 (figure 2.b). It is not a surprise to 
find a large value of the global relative total error in amplitude in the backscattering area RE1 (ε୰୫୘  in table 7, RE1-A1) 
and, from the previous comment on the local error distribution, significant global relative total error could be expected in 
zone RE3 (figure 6.b), particularly in phase. However, in the other zones the value of the total relative error is clearly 
larger than the repeatibility relative error, except for the phase when we compare only the incident fields in the ROR, i.e 
when there is no scattering phenomena involved (table 7, ROR-P1,P2). This demonstrates that the comparison of total 
error and repeatibility error is not a good quantitative criteria to analyze the agreement between theory and experiment 
and cannot reproduce the conclusion that have been established previously on the basis of visual comparisons. 
Hence the next step is to check if the approach proposed in section 3.3, considering also the characterization error, makes 
sense. The results obtained show that tiny variations in the Rayleigh wavenumber or in the positions and dimensions of 
the hole do produce strong variations in the numerical field, which lead to important local characterization errors (figure 
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8.b, c and d) with contributions to the global relative characterization error that are huge in phase (ε୰୑େ  in table 7, P3) and 
less significant in amplitude (ε୰୫େ  in table 7, A3). As a consequence, on the one hand, the net relative error in phase 
clearly shows a very good agreement between theory and experiment (ε୰୒ in table 7, P5), however the corresponding net 
relative error in amplitude is relatively moderate in all studied zones, except in the backscattering area (ε୰୒ in table 7, 
A5). These conclusions are coherent with our previous claims, based on visual comparisons, and support the proposed 
strategy for the assessment of the agreement between theory and experiment which use the net error as a the key figure 
of merit. 
Table 5 Characteristic parameters for the quasi-Rayleigh wave trains in the test plate with a through-thickness hole T with 
ܦ ൌ 2ݎୈ ൌ 12 mm. ݂ୖ  is the nominal value specified for the excitation pulser, c୐ was measured by pulse-echo 
technique using Aluminum plates of the same material that the test plates but with thickness 30 mm, ሾaଵሿ results from 
the least squares procedure described in section 3.2 and ݔଵୈ, ݔଶୈ, ݎୈ where determined over the reference image in pixels 
and transformed to millimeters using the spatial resolution Δݔଵand Δݔଶ obtained from the calibration image. 
Parameter Derived from Value Unit 
݂ୖ  nominal value (see 3.1) 1,000 േ 0,001 sିଵ ൈ 10଺ 
ܿ୐ pulse-eco method (see 3.1) 6360 (1 േ 5%) m/s 
݇ୖ ൌ ሾܽଵሿ least squares best-fit (see 3.2) 2137 േ 7 rad/m 
ݔଵୈ reference image (see 3.1) 33,82 േ 0,05 mm 
ݔଶୈ reference image (see 3.1) 33,25 േ 0,02 mm 
ݎୈ reference image (see 3.1) 6,21 േ 0,04 mm 
 
Table 6. Results for the global relative repeatibility error (%) in amplitude ε୰୫ୖ and phase ε୰୑ୖ within each one of the regions 
identified in figure 7.a including also the sample mean and the standard deviation (see notation in table 3). 
Region RG1 RG2 RG3 RG4 RG5 RG6 RG7 Sample mean 
ܰ 60501 15251 3927 60501 60501 60300 60445 60445 
ε୰୫ୖሼRሽ 8,7 9,5 9,9 9,8 10,3 9,1 8,5 9,4 േ0,7 
ε୰୑ୖሼRሽ 9,0 7,9 8,6 10,6 9,5 9,4 9,2 9,2 േ0,9 
 
Table 7. Results for the global relative errors (%) in amplitude and phase for the hole T in the regions RE of figure 2.b and 
in ROR with only the incident field (*). ε୰୒ ൌ ሾሺε୰୘ሻଶ െ ሺεrEሻଶሿଵ/ଶ being ε୰୉ ൌ ቂሺε୰ୖ ሻଶ ൅ ൫ε୰େ൯2ቃ
ଵ/ଶ	 the explainable 
error. When ε୰୉ ൐ ε୰୘ we set ε୰୒ ൌ0. 
Region Amplitude Phase 
Region ε୰୫୘  ε୰୫ୖ ε୰୫େ  ε୰୫୉  ε୰୫୒  ε୰୑୘  ε୰୑ୖ ε୰୑େ  ε୰୑୉  ε୰୑୒  
ROR(*) 12,3 
9,4 
- 9,4 7,9 8,2 
9,2 
- 9,2 0 
RE 1 29,3 11,2 12,2 26,7 19,9 42,8 44,1 0 
RE 2 25,0 0,9 9,4 23,1 29,5 53,0 53,4 0 
RE 3 24,2 1,8 9,5 22,2 15,0 49,0 51,0 0 
RE 4 19,1 1,8 9,5 16,5 13,8 49,2 51,1 0 
A1 A2 A3 A4 A5 P1 P2 P3 P4 P5 
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5. CONCLUSIONS 
We have reviewed an approach for damage characterization in non-destructive inspection applications based on the 
comparison of scattering patterns of Rayleigh-Lamb waves in harmonic regime in plate structures with defects measured 
with our PTVH system and the corresponding simulated scattering patterns obtained using FEM, including the key 
elements of the scalar model and the nomenclature for the harmonic case, the method for obtaining experimental data by 
PTVH and the numerical implementation of the scalar model using FEM. On this basis we have presented a strategy for 
developing a systematic quantitative analysis of the agreement between FEM simulated maps and filtered experimental 
PTVH maps considering both the spatial distribution of the local (pixel-wise) error in amplitude and phase and the 
corresponding global (averaged) errors over different areas. We have analyzed the different contributions to the total 
error, introducing the repeatibility error (associated to fluctuation in the experimental field mainly produced by the 
speckle noise) and the characterization error (associated to variation in the numerical field derived from the uncertainty 
in the characterization of the incident acoustic wave and the shape and position of the defect) proposing the net error as 
the correct figure of merit to quantitatively assess the agreement between theory and experiment. The results show the 
viability of the proposed approach based on the net error and support the conclusion that the experimental PTVH 
scattering patterns of quasi-Rayleigh waves produced by through-thickness holes in harmonic regime can be 
approximated numerically, using FEM combined with a 2-D model based on the scalar wave equation, rendering a very 
good description of the phase distribution and, except for the backscattering zone, a reasonable description of the 
amplitude with moderate global relative net error, which is coherent with our previous claims based on visual 
comparisons. 
APPENDIX A. QUANTITATIVE COMPARISON BETWEEN TWO REAL FIELDS 
Two real fields ߰ሺܠሻ and ߰ୢሺܠሻ defined in the same set of ܰ discrete points within a spatial region R can be compared 
quantitatively using both local (i.e. pixel-wise) and global figures of merit. As a reference, we consider the comparison 
of ߰ሺܠሻ with respect to ߰ୢሺܠሻ identifying ߰ୢሺܠሻ as the reference field and ߰ሺܠሻ as the problem field (even though these 
roles can be reversed). 
Hence, on the one hand, the local agreement between ߰ሺܠሻ and ߰ୢሺܠሻ at each point ܠ ∈ R can be characterized by the 
field of the difference (or local error distribution) 
εሾ߰, ߰ୢሿሺܠሻ ൌ ߰ሺܠሻ െ ߰ୢሺܠሻ ܠ ∈ R (A.1) 
On the other hand, defining, as is usual, the root mean square (RMS) value of the reference field within R as 
ሾ߰ୢሿୣሼRሽ ൌ ൥1ܰ෍|߰ୢሺܠሻ|
ଶ
ܠ∈ୖ
൩
ଵ/ଶ
 (A.2) 
the global agreement between ߰ሺܠሻ and ߰ୢሺܠሻ within R can be characterized by the RMS value of the field of 
differences in R 
εሾ߰, ߰ୢሿሼRሽ ൌ ൥1ܰ෍ε
ଶሾ߰, ߰ୢሿሺܠሻ
ܠ∈ୖ
൩
ଵ/ଶ
 (A.3) 
that we call RMS absolute error in R (or global absolute error in R). Using (A.2-3) we can also define the RMS relative 
error in R (or global relative error in R) as 
ε୰ሾ߰, ߰ୢሿሼRሽ ൌ εሾ߰, ߰ୢሿሼRሽ/ሾ߰ୢሿୣሼRሽ (A.4) 
If we consider an additional real field ߰ଵሺܠሻ, which is a sort of intermediate field between ߰ሺܠሻ and ߰ୢሺܠሻ and it is 
defined in the same set that those, we can decompose the field of local error (A.1) as 
εሾ߰, ߰ୢሿሺܠሻ ൌ εሾ߰, ߰ଵሿሺܠሻ ൅ εሾ߰ଵ, ߰ୢሿሺܠሻ ܠ ∈ R (A.5) 
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where εሾ߰, ߰ଵሿሺܠሻ is the field of local error between ߰ሺܠሻ and ߰ଵሺܠሻ and εሾ߰ଵ, ߰ୢሿሺܠሻ is the field of local error between ߰ଵሺܠሻ and ߰ୢሺܠሻ. Hence we have that 
εଶሾ߰, ߰ୢሿሺܠሻ ൌ εଶሾ߰, ߰ଵሿሺܠሻ ൅ εଶሾ߰ଵ, ߰ୢሿሺܠሻ ൅ 2εሾ߰, ߰ଵሿሺܠሻεሾ߰ଵ, ߰ୢሿሺܠሻ ܠ ∈ R (A.6) 
Then, if the fields εሾ߰,߰ଵሿሺܠሻ and εሾ߰ଵ, ߰ୢሿሺܠሻ can be considered non-correlated and ergodic random processes in R 
and at least one of them has an expected value that is zero for any ܠ ∈ R, averaging (A.6) over R rule out the cross-term 
and results 
1
ܰ෍ε
ଶሾ߰, ߰ୢሿሺܠሻ
ܠ∈ୖ
ൌ 1ܰ෍ε
ଶሾ߰, ߰ଵሿሺܠሻ
ܠ∈ୖ
൅ 1ܰ෍ε
ଶሾ߰ଵ, ߰ୢሿሺܠሻ
ܠ∈ୖ
 (A.7) 
and using (A.3) we conclude 
εଶሾ߰, ߰ୢሿሼRሽ ൌ εଶሾ߰, ߰ଵሿሼRሽ ൅ εଶሾ߰ଵ, ߰ୢሿሼRሽ (A.8) 
i.e. the RMS absolute error between ߰ሺܠሻ and ߰ୢሺܠሻ in R can be obtained from the RMS absolute errors between ߰ሺܠሻ 
and ߰ଵሺܠሻ and between ߰ଵሺܠሻ and ߰ୢሺܠሻ. In addition, using (A.2) and (A.4) with (A.8) we obtain 
ε୰ଶሾ߰, ߰ୢሿሼRሽ ൌ ߙଵଶሼRሽε୰ଶሾ߰,߰ଵሿሼRሽ ൅ ε୰ଶሾ߰ଵ, ߰ୢሿሼRሽ (A.9a) 
being  ߙଵሼRሽ ൌ ሾ߰ଵሿୣሼRሽ/ሾ߰ୢሿୣሼRሽ, which reduces to 
ε୰ଶሾ߰, ߰ୢሿሼRሽ 	ൌ ε୰ଶሾ߰, ߰ଵሿሼRሽ ൅ ε୰ଶሾ߰ଵ, ߰ୢሿሼRሽ (A.9b) 
when ߰ଵሺܠሻ and ߰ୢሺܠሻ have the same RMS value in R (i.e. when ߙଵሼRሽ ൌ 1). 
This strategy can be repeated to any combinations of real fields by inserting as many intermediate fields as we need. In 
particular, considering with ߰ሺܠሻ, ߰ୢሺܠሻ and ߰ଵሺܠሻ another intermediate real field ߰ଶሺܠሻ for the fields of local error, 
similarly to (A.5), we have 
εሾ߰, ߰ୢሿሺܠሻ ൌ εሾ߰, ߰ଵሿሺܠሻ ൅ εሾ߰ଵ, ߰ଶሿሺܠሻ ൅ εሾ߰ଶ, ߰ୢሿሺܠሻ ܠ ∈ R (A.10) 
Provided that εሾ߰, ߰ଵሿሺܠሻ, εሾ߰ଵ, ߰ଶሿሺܠሻ and εሾ߰ଶ, ߰ୢሿሺܠሻ can be considered non-correlated and ergodic random 
processes in R and if at least two one of them has an expected value that is zero for any ܠ ∈ R, we can rule out all the 
cross-terms in the square of εሾ߰, ߰ୢሿሺܠሻ by averaging over R and, similarly to (A.8), we have 
εଶሾ߰, ߰ୢሿሼRሽ ൌ εଶሾ߰, ߰ଵሿሼRሽ ൅ εଶሾ߰ଵ, ߰ଶሿሼRሽ ൅ εଶሾ߰ଶ, ߰ୢሿሼRሽ (A.11) 
and then 
ε୰ଶሾ߰, ߰ୢሿሼRሽ ൌ ߙଵଶሼRሽε୰ଶሾ߰, ߰ଵሿሼRሽ ൅ ߙଶଶሼRሽε୰ଶሾ߰ଶ, ߰ଵሿሼRሽ ൅ ε୰ଶሾ߰ଶ, ߰ୢሿሼRሽ (A.12a) 
being  ߙଶሼRሽ ൌ ሾ߰ଶሿୣሼRሽ/ሾ߰ୢሿୣሼRሽ, which reduces to 
ε୰ଶሾ߰, ߰ୢሿሼRሽ ൌ ε୰ଶሾ߰, ߰ଵሿሼRሽ ൅ ε୰ଶሾ߰ଶ, ߰ଵሿሼRሽ ൅ ε୰ଶሾ߰ଶ, ߰ୢሿሼRሽ (A.12b) 
when the RMS values in R of ߰ଶሺܠሻ, ߰ଵሺܠሻ and ߰ୢሺܠሻ are equal (i.e. when ߙଵሼRሽ ൌ ߙଶሼRሽ ൌ 1). We will write for 
simplicity in the main text for the quadratic combination of global relative errors expressions (A.9b) and (A.12b), despite 
the fact that we use (A.9a) and (A.12a) when either ߙଵሼRሽ ്1 or ߙଶሼRሽ ്1. 
Proc. of SPIE Vol. 10834  1083416-18
Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 11/29/2018
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use
 
 
 
 
 
 
[2] J.L. Fernández. A.F. Doval, C. Trillo. J.L. Deán and J.C. López, “Video ultrasonics by pulsed TV holography: 
A new capability for non-destructive testing of shell structures”, International Journal of Optomechatronics 
1(2), 122–153 (2007). https://doi.org/10.1080/15599610701385479 
[3] C. Trillo, D. Cernadas, A.F. Doval, C. López, B.V. Dorrío and J.L. Fernández, “Detection of transient surface 
acoustic waves of nanometric amplitude with double-pulsed TV holography”, Applied Optics 42(7), 1228–1235 
(2003). https://doi.org/10.1364/AO.42.001228 
[4] C. Trillo. A.F. Doval, D. Cernadas, O. López, J.C. López, B.V. Dorrío, J.L. Fernandez and M. Pérez-Amor, 
“Measurement of the complex amplitude of transient surface acoustic waves using double pulsed TV 
holography and a two-stage spatial Fourier transform method”, Measurement Science & Technology 14(12), 
2127–2134 (2003). https://doi.org/10.1088/0957-0233/14/12/012 
[5] C. Trillo and A.F. Doval, “Spatiotemporal Fourier transform method for the measurement of narrowband 
ultrasonic surface acoustic waves with TV holography,” Proc. SPIE 6341, 63410M (2006). 
https://doi.org/10.1117/12.695290 
[6] J.C. López-Vázquez, X.L. Deán-Ben, C. Trillo, A.F. Doval, J.L. Fernández, F. Amlani and O.P. Bruno, 
“Numerical modeling and measurement by pulsed television holography of ultrasonic displacement maps in 
plates with through-thickness defects”, Optical Engineering, 49 (9), 095802/1-10, (2010). 
https://doi.org/10.1117/1.3484953 
[7] P. Rodríguez-Gómez, J.C. López-Vázquez, C. Trillo, A.F. Doval and J.L. Fernández, “Characterization of 
defects in plates by two-dimensional ultrasonic displacement maps: comparison between pulsed TV-holography 
measurements and finite element method predictions”, Proc. SPIE 7387, 73871I–1/10 (2010). 
https://doi.org/10.1117/12.870769 
[8] P. Rodríguez-Gómez. J.C. López-Vázquez, C. Trillo, A.F. Doval and J.L. Fernández, “Transient Elastic Wave 
Propagation and Scattering in Plates: Comparison between Pulsed TV-Holography Measurements and Finite 
Element Method Predictions, Proc SPIE 8413, 84130Z-1/6 (2012). https://doi.org/10.1117/12.977644 
[9] P. Rodríguez-Gómez, J.C. López-Vázquez, C. Trillo, A.F. Doval and J.L. Fernández, “Transient elastic wave 
propagation and scattering in plates: comparison between Pulsed TV-holography measurements and finite 
element method predictions”, Optical Engineering 52 (10), 101911/1-13, (2013). 
https://doi.org/10.1117/1.OE.52.10.101911 
[10] P. Rodríguez-Gómez, [Exploración de técnicas de caracterización cuantitativa de defectos en placas metálicas 
a partir de campos ultrasónicos transitorios bidimensionales detectados mediante holografía-TV], PhD 
Disertation, Universidade de Vigo, (2015). http://hdl.handle.net/11093/910 
[11] J.L. Rose, [Ultrasonic Waves in Solid Media], 200–240, Cambridge University Press, Cambridge (1999). 
[12] D. Colton and R. Kress, [Inverse Acoustic and Electromagnetic Scattering Theory], Springer (1992). 
[13] C-C. Mow, Y-H. Pao, “The diffraction of elastic waves and dynamic stress concentrations,” Tech. Rep. R-482-
PR, United States Air Force Project RAND (1971). 
[14] O. Zienkiewicz and R. Taylor, [The Finite Element Method] (2000). 
[15] Joint Committee for Guides in Metrology, “JCGM 100:2008 evaluation of measurement data - guide to the 
expression of uncertainty in measurement," (2008). https://www.bipm.org/en/publications/guides/ (Accessed: 
2018-05-24). 
[16] Joint Committee for Guides in Metrology, “JCGM 101:2008 Evaluation of measurement data - Supplement 1 to 
the ‘Guide to the expression of uncertainty in measurement’ - Propagation of distributions using a Monte Carlo 
method," (2008). https://www.bipm.org/en/publications/guides/ (Accessed: 2018-05-24). 
REFERENCES 
[1] A.S. Birks et al., [Nondestructive testing handbook], vol. 7, Ultrasonic Testing, American Society for 
Nondestructive Testing, Columbus, OH, USA, 2nd ed. (1991). 
Proc. of SPIE Vol. 10834  1083416-19
Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 11/29/2018
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use
